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ELLIPSE-GENERATING ALGORITHMS

Properties of Ellipses

A precise definition of an ellipse can be given in terms of the distances from
any point on the ellipse to two fixed positions, called the foci of the ellipse.

dy 4+ d> = constant (1)

Expressing distances d; and d,

V(X —x1)2+ (¥ — 11)? + vV (x — 12)2 + (y — )2 = constant
The general ellipse equation in the form

AX* + By +Cxy+Dx+Ey+F=0
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Ellipse
generated about foci Fy
and F».



The major axis is the straight-line segment extending from
one side of the ellipse to the other through the foci. The
minor axis spans the shorter dimension of the ellipse.
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The equation for the ellipse
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Using polar coordinates rand 6

The
bounding circle and eccentric
| angle # for an ellipse with

X = X + rycosf
. (2)
i = Y. +1,sinf Ellipse
- - b centered at (x¢, y) with
If r,>r,, the radius of the bounding circle is r=r,. semimajor axis ry and

) i ) i semiminor axis Ty A
Otherwise, the bounding circle has radius r =r,,.
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As with the circle algorithm, symmetry considerations can be [ I,
1 - I -
used to reduce computations. An ellipse in standard position is ll'\ *
symmetric between quadrants, but, unlike a circle, it is not (—x — )% /H. )
x 8 | Sl

symmetric between the two octants of a quadrant. Thus, we
must calculate pixel positions along the elliptical arc throughout
one quadrant, then use symmetry to obtain curve positions in
the remaining three quadrants




Midpoint Ellipse Algorithm

Given parameters r, , r,, and (x., y. ), we determine curve positions (x, y) for an ellipse
in standard position centered on the origin, then we shift all the points using a fixed
offset so that the ellipse is centered at (x., y.). If we wish also to display the ellipse in
nonstandard position, we could rotate the ellipse about its center coordinates to
reorient the major and minor axes in the desired directions.

The midpoint ellipse method is applied throughout the first quadrant in two parts.

Regions 1 and 2 (Figure) can be processed in various ways.
We can start at position (0, r,) and step clockwise along the Slope = —1
elliptical path in the first quadrant, shifting from unit steps in /7 Regiod

x to unit steps in y when the slope becomes less than -1.0. ( g '|;L.:_;i. n
Alternatively, we could start at (r,, 0) and select points in a l& ] £
counterclockwise order, shifting from unit steps in y to unit /
steps in x when the slope becomes greater than -1.0. With \
parallel processors, we could calculate pixel positions in the
two regions simultaneously. As an example of a sequential _____ |
implementation of the midpoint algorithm, we take the start processing I.Egmnfgﬁ?
position at (0, r,) and step along the ellipse path in clockwise  region 1, the magnitude of the
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order throughout the first quadrant. ellipse slope is less than 1.0;
over region 2, the magnitude

of the slope is greater than 1.0.




We define an ellipse function from Equation ( 2 ) with (x., y.) = (0, 0) as

70 70 R |
fettipse (X, Y) =1, X"+ 13y — 131y
which has the following properties:

< 0, if (x, y) is inside the ellipse boundary
fmupse{,‘r, y) ¢ =0, if (x, y) is on the ellipse boundary

= 0, if (x, y) is outside the ellipse boundary

(3)

(4)

Starting at (0, r,), we take unit steps in the x direction until we reach the
boundary between region 1 and region 2. Then we switch to unit steps in the y
direction over the remainder of the curve in the first quadrant. At each step we
need to test the value of the slope of the curve. The ellipse slope is calculated

from Equation (3 ) as

dy  2ryx (5)

dx — 2rZy

At the boundary between region -1 and region 2 dy/dx = —1.0
and

27“2,,\‘ = 2riy
_— (6)

Therefore, we move out of region 1 whenever
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X, x, +1
Midpoint

between candidate pixels at
sampling position xx + 1
along an elliptical path.



The decision parameter (that is, the ellipse function 3) at this midpoint:
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If p1,< 0, the midpoint is inside the ellipse and the pixel on scan line y,is closer to the
ellipse boundary. Otherwise, the midposition is outside or on the ellipse boundary, and

we select the pixel on scan line y, — 1.

At the next sampling position (x,,;+ 1 = x,+ 2), the decision parameter for region 1 is

evaluated as

Plis1 = felipse (-\';;—1 +L -3

~
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=r2[(x +1) + 1]% + rf(t/ﬂl - —) — 1,7y
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or

Pl = ple + 2/'5(.\1. Y ,'}3/ Jip
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where y,,, is either y, or y, — 1, depending on the sign of p1,.



Decision parameters are incremented by the following amounts:

2, 2 .
_ Zr;.\'kq + 71y if ply <0
mcrement = ( 9 )
2 2 v .
2r X1 + 1y — 2y Y1, U ple >0

At the initial position (0, r,), these two terms evaluate to
2rixy =0
! ) (10)
2ryy = 2ryry

In region 1, the initial value of the decision parameter is obtained by evaluating the
ellipse function at the start position (x, yo) = (0, r,):
rixc+rhy - rliri=0
\/ |
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Plﬂ = ﬁ:llips-r: (1; Fy — _)
2 ve — 1 [l . .
) i 1 2 . i | “midpoint
=F,+r |\ Fty— = | —1,.T,
y 2 ( v 2) x'y ( 11) X, x Ll 42
or
Midpoint
_ P 5 1, between candidate pixels at
plo = Py —Txly + ? ¥ sampling position y — 1

along an elliptical path.
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Example: Midpoint Ellipse Drawing (Textbook P114-115)

Given input ellipse parameters r, = 8 and r, = 6, we illustrate the steps in the midpoint
ellipse algorithm by determining raster positions along the ellipse path in the first
quadrant. Initial values and increments for the decision parameter calculations are

rex =10 (with increment 2ry = 72)
iy =2r;ry  (with increment —2r; = —128)

For region 1, the initial point for the ellipse centered on the origin is
(xn, o) = {0, 6), and the initial decision parameter value is

|
ply = r; — .rfr_, + Irf = —3A32
Surresalve mid |J-|'|Zi|:'l|! declﬁjlm-p-arame'ler values and the pjxel |_'!-|'|!-i-j‘|.i|.'!|t1;-'. al-nn_g

the ellipse are listed in the following table:

k| ple | (e, we1) | 2rgxeqn | 2rgie
0| —332 (1, 6] 72 768
1| —224 (2. 6) 144 763
2| —a4 (3, 6) 214 768
3| 208 (4, 5) 283 &4
4| —108 (5, 5) 364 &4
5| 288 (6, 4) 432 512
6| 244 (7. 3) S04 354




We now move oul of region 1 because Erix = 2riy.

For region 2, the initial point is (X, W) =(7,3) and the initial decision
parameter is

2

P20 = Fulipns (? 3, 1:] = 151

The remaining positions along the ellipse path in the first quadrant are then

calculated as
P2, | (ike1, Whs1) El"i-’ﬂ: #1 | 2riikst
o | —15] (B, Z} 376 256
1 133 (B, 1} 376 128
i 5 (B, O} — —
A plot of the calculated positions for the ellipse within the first quadrant is
shown in Figure 23.
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; FIGURE 23
Pixel positiors along an elbptcal path centered or the crigin
a with 7, = B and r, = 6, using the midpeint akeerithm 1o
¢ 1 2 3 4 5 6 8

caloudate kcatiors within the frst guadear.






Given input ellipse parameters r, = 12 and r, = 9, we illustrate the steps in the midpoint
ellipse algorithm by determining raster positions along the ellipse path in the first
qguadrant. Initial values and increments for the decision parameter calculations are



End of Lecture
Good Luck!

See you
in next lecture...
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